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ABSTRACT
High-end shared storage systems serving multiple independent work-
loads must assure that concurrently executing clients will receive a
fair or agreed-upon share of system I/O resources. In a parallel I/O
system an application makes requests for specific disks at differ-
ent steps of its computation depending on the data layout and its
computational state. Different applications contend for disk access
making the problem of maintaining fair allocation challenging.

We propose a model for differentiated disk bandwidth allocation
based on lexicographic minimization, and provide new efficient
scheduling algorithms to allocate the I/O bandwidth fairly among
contending applications. A major contribution of our model is its
ability to handle multiple parallel disks and contention for disks
among the concurrent applications. Analysis and simulation-based
evaluation shows that our algorithms provide performance isola-
tion, weighted allocation of resources, and are work conserving.
The solutions are also applicable to other shared resource environ-
ments dealing with non-uniform heterogeneous servers.

Categories and Subject Descriptors
C.4 [Performance of Systems]: Modeling techniques; D.2.8 [Soft-
ware Engineering]: Metrics—complexity measures, performance
measures; D.4.2 [Operating Systems]: Storage Management—al-
location/deallocation strategies, secondary storage

General Terms
Algorithms, Management, Performance

Keywords
Fair Scheduling, Lexicographic minimization, Parallel I/O, QoS,
Resource allocation, Storage virtualization
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1. INTRODUCTION
Storage requirements of institutional and commercial organiza-

tions are growing at an ever increasing rate. Commercial enter-
prises increasingly depend on the continuous availability of large-
capacity storage systems, which can provide high, predictable per-
formance on a number of transactional and business applications.
In addition, many modern scientific and engineering workloads re-
quire access to large data sets that reside on shared storage facili-
ties. These trends suggest that storage systems will increasingly be
responsible for serving varied workloads from different organiza-
tional units. Advancements in storage and networking technologies
together with economic advantages of consolidated management,
are driving a growth in the deployment of large data centers that
serve the storage needs of several departments or separate institu-
tions.

Managing a shared storage system is a complex operation. In
addition to clients’ concerns regarding data security and privacy,
sharing requires consideration of issues of fairness in allocating re-
sources among concurrent applications and efficient utilization of
shared resources. Insulating concurrent users from each other (a
process referred to as virtualization) so that each client appears to
be running in isolation is a major goal in these systems. This re-
quirement is often formalized in the form of a service-level agree-
ment between the storage service provider and the client, guaran-
teeing a certain minimum quality-of-service (QoS). While some of
the problems of virtualization can be mitigated by partitioning or
replicating the resources to provide contention-free access to dif-
ferent clients, these approaches raise other problems of their own:
first there is no clear way to estimate the requirements and do the
partitioning, and secondly over-provisioning can be very expensive
in terms of initial setup and maintenance costs. The unique issues
that make sharing in storage systems especially difficult and differ-
ent from other shared environments like networking, has been lu-
cidly described by Wilkes [26]. The problems include the difficulty
of predicting response time and throughput due to the strong depen-
dence on data layout and current system state, hot spots and disk
conflicts among concurrent flows, heterogeneous disk systems, and
the inability to drop requests under heavy load in a storage system.

In this paper, we present a model of fair allocation of disk band-
width among concurrent clients (flows) sharing a parallel I/O sys-
tem. Previous work on prefetching and caching in parallel I/O sys-
tems has dealt with the problem of a single flow; efficient algo-
rithms are now known that maximize disk system throughput for
a single flow (see [1, 16, 18–20] for example). However, the prob-
lems of sharing the parallel disks among multiple concurrent flows
has not been addressed previously. It has been recently shown that
the problem of maximizing the throughput of a parallel disk sys-
tem for two or more flows is NP-complete, even in the idealized



model where each I/O takes unit time [13]. The problem of al-
locating disk bandwidth fairly among concurrent competing flows
in a parallel I/O system has, to our knowledge, not been formally
addressed before.

A major new contribution of this paper is the incorporation of
resource contention into the QoS model . None of the previous ap-
proaches explicitly address the issue of contention for disks among
various flows. For instance, if data is not replicated, several flows
may simultaneously contend for overlapping subsets of the disks.
The question of how to resolve the contention in an equitable man-
ner that maximizes the system utilization, while still providing fair-
ness (or differentiated service) to the contending flows has not been
hitherto addressed. Most of the techniques suggested earlier ei-
ther handle sharing of a single resource or of multiple uniform re-
sources [17] in which any of the available servers (disks) could be
used to satisfy a pending request.

There is a considerable body of existing work [3,4,8,9,11,12,27]
on the problem of achieving differentiated services and weight-
based proportionate fairness in Internet routers and switches. At
a fundamental level, these algorithms use the notion of virtual-
time tagging of requests to approximate the idealized Generalized
Processor Sharing scheduling strategy to provide weighted QoS in
datagram networks. In these models the resource is either a single
server or multiple interchangeable (uniform) servers. For storage
systems, Façade [21], Stonehenge [15], SFQ(D) [17] also propose
virtual-time based scheduling strategies, while incorporating issues
specific to storage workloads. These provide valuable system-level
approaches and useful heuristics to achieve fair allocation in a uni-
form server model.

Our model for fair allocation is based on lexicographic mini-
mization of the cumulative allocation vector that tracks the total
resource allocation received by a flow. The resource usage may be
measured in fixed size units like the number of I/Os performed, or
by variable sized quantities such as the service time incurred at the
disk.

The rest of the paper is organized as follows. In Section 2 we de-
scribe the model and attendant definitions. In Section 3 we present
our algorithm, LexAS for scheduling with fairness and weighted-
QoS for fixed size resources in the presence of resource constraints.
Section 4 presents extensions of LexAS to situations where re-
sources are variable-sized or not known a-priori, and discusses some
policy issues. Section 5 presents empirical results of simulation ex-
periments. We review related work in section 6 and conclude with
section 7.

2. SYSTEM MODEL
The parallel I/O server consists of N independent disks, D1, D2,

· · · , DN . The system contains m flows, f1, f2, · · · fm, that seek
fair service from the storage system1. A flow corresponds to re-
quests from a client that has a contractual agreement on the share
of the resources it should receive. I/O requests arrive from each
flow and are held in flow queues until serviced. At a scheduling
instant, the scheduler examines the requests in the flow queues and
selects a subset of these requests to be dispatched to the disks. For
every disk that has a pending request in any of the flow queues, one
such request is dispatched by the scheduler. A scheduler with this
property is said to be work conserving. The dispatched requests
are buffered in disk queues associated with each disk. When a disk
completes servicing its current request it chooses a request from
its disk queue to serve next. To avoid idling a disk, the scheduler

1In Section 3.1 we generalize the model to handle differentiated
service.
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Figure 1: System model

must dispatch requests before any disk queue becomes empty, but
otherwise there is considerable flexibility in the invocation of the
scheduler. In an idealized model in which the disk service times
are uniform for all disks, one can dispense with the disk queues
and dispatch requests directly to the disks at each scheduling step.

Figure 1 shows an example of a system with 3 flows and 5 servers.
Flow f1 has requests for each of the the disks D1, D2, D4 and D5,
while f2 has one request for D1 and three for D3. Flow f3 has three
requests, all for disk D2. The scheduler will chose a set of these
requests containing at most one request from each disk, which will
be dispatched in the current step. We use the following definitions
in this paper.

• The allocation vector at scheduling step t, A(t) = [b1, b2,
· · · , bm], where b j denotes the number of disks assigned to
flow j at step t, and ∑1≤i≤m bi ≤ N.

• The cumulative allocation vector at I/O step t, CA(t) =
[B1,B2, · · · ,Bm], where B j is the total number of I/O requests
dispatched for flow j up to step t. That is, CA(t)= ∑t

k=1 A(k).

• The weight of a vector is the sum of its components.

At any time a flow has a certain cumulative allocation equal to
the number of its requests that have been dispatched. Given the
current cumulative allocation and the requests in the flow queues,
the scheduler will create a schedule for this step that (a) is work
conserving and (b) allocates disks to flows so as to make the cu-
mulative allocation at the end of this step as fair as possible. By
fairness we mean as close to an even distribution of requests al-
located to each flow. For instance, in the example of Figure 1,
suppose that each flow has the same cumulative allocation prior to
the start of this step. Since there are 5 disks with pending requests,
a work conserving schedule will construct an allocation vector of
weight 5. For instance, [4, 1, 0] is a feasible allocation where disks
{D1,D2,D4, D5} are allocated to f1, and {D3} is allocated to f2.
Some other feasible allocation vectors in this case are: [3, 2, 0], [3,
1, 1], [2, 2, 1]. The fairest allocation in this case is [2, 2, 1], and the
schedule will dispatch requests from {D4 , D5} for f1, {D1, D3}
for f2 and {D2} for f3. On the other hand, suppose the initial cu-
mulative vector was [10, 12, 12]; then the fairest allocation vector
at this step would be [3, 1, 1] leading to a new cumulative vec-
tor of [13, 13, 13]. The algorithm which we present will compute
the allocation vector that results in the fairest cumulative allocation
vector after the current step. We formalize the concepts below.

DEFINITION 1. Lexicographic Ordering: Consider two vec-
tors F = [ f1, f2, · · · fn] and G = [g1, g2, · · · , gn], with non-negative
components, such that ∑i fi = ∑i gi, and that fi ≥ fi+1 and gi ≥



gi+1, for all 1 ≤ i ≤ n− 1 (i.e. components are arranged in non-
increasing order). Then F is lexicographically smaller than G if
and only if either (i) F = G or (ii) there is an index k,k ≥ 1, such
that fi = gi,1 ≤ i ≤ k−1 and fk < gk.

For example consider the following 3-component vectors with weight
7: [3,0,4], [0,4,3], [2,3,2], [0,7,0], [0,5,2], [1,2,4]. When arranged
in non increasing order of their component values, these are the
distinct vectors [4, 3, 0], [3, 2, 2], [7,0,0], [5,2,0], [4,2,1]. The
lexicographically smallest of these vectors is [3,2,2] corresponding
to the most balanced distribution of the component values. Lex-
icographic minimality has been well studied in fairness literature
along with maxmin fairness [24].

DEFINITION 2. Lexicographic Fairness: Given CA(t −1) and
a set of requests, find a feasible allocation vector A(t) of maximal
weight such that CA(t) = CA(t −1)+A(t) and for all feasible val-
ues of A(t), CA(t) is lexicographically minimum.

3. SCHEDULING ALGORITHMS
In this section we will describe the scheduling algorithm LexAS

(Lexicographic Allocation of Service) for fair lexicographic schedul-
ing. Given the value of CA(t −1), the scheduler finds a work con-
serving schedule such that CA(t) is the lexicographically minimum
vector. A straightforward algorithm is to try all assignments for
A(t) made up of ordered partitions of d into m components, where
d is the number of disks with at least one pending request in the
flow queues at this step. Each such assignment is checked for fea-
sibility with respect to disk contention, and the feasible vector A(t)
that leads to the lexicographically minimum vector CA(t) will be
the desired allocation. However, the running time of such an algo-
rithm would be exponential as there are θ (dm) possible candidate
vectors.

LexAS works in a number of iterations as follows. In each iter-
ation it tries to assign an additional disk to the flow that currently
has the smallest cumulative allocation. The aim is to allocate an
additional disk to this flow without decreasing the number of disks
allocated to any flow in previous iterations. In so doing, the actual
set of disks allocated to flows in previous iterations may change,
but the algorithm ensures that the number of disks allocated to the
other flows does not change.

LexAS works by finding a set of paths in an augmented bipartite
resource graph G = (V

⋃

{α, ω}, E
⋃

Eω
⋃

Eα) defined as follows:

• V = { f1, f2, · · · , fm}
⋃

{D1,D2, · · · ,DN} is a set of m + N
nodes, one for each flow and disk in the system.

• E is the set of directed edges between nodes representing
flows and nodes representing disks: there is an edge ( fi,D j)
whenever there is a request for disk D j in the queue for flow
fi.

• Distinguished vertices α and ω will serve as the source and
sink of paths through the graph.

• Eω = {(D j,ω),1 ≤ j ≤ N}, is the set of directed edges from
each disk to ω .

• Eα ⊆ {(α, fi),1 ≤ i ≤ m}, is a subset of the directed edges
from α to flow nodes fi; this subset changes dynamically as
the algorithm proceeds.

Computing the lexicographically fair schedule is mapped to find-
ing a set of paths in a dynamically evolving resource graph be-
ginning with G. Initially the resource graph consists of G defined
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Figure 2: Augmented bi-partite graph

above with Eα being empty. Our algorithm, formally stated in Al-
gorithm 1 below, will maintain a priority vector, P = [p1, p2, · · · ,
pm] : pi is the priority for flow node fi. At each step the node fi with
highest-priority is selected, and an edge from α to fi is added to G.
The algorithm then attempts to find a path in the current resource
graph from α to ω .

If a path cannot be found, then the currently selected node fi is
marked as saturated, and the algorithm will adjust the priority of fi
so that it will not be selected again. A saturated node means that
it is not possible to increase the total number of disks allocated to
this flow, without reducing the number of disks allocated to one of
the other previously scheduled flows. This type of reallocation is
undesirable for fairness of the schedule. If the search for a path
is successful this means that one additional request made by flow
fi can be satisfied, without decreasing the number of disks already
allocated to other flows by the algorithm. The actual assignment
of disks to flows might get changed to make this possible, but the
number of disks assigned to any other flow will not change by this
reassignment. Thus the total number of disks allocated increases
without disturbing the relative allocations needed for fairness. In
preparation for the next iteration, the resource graph is modified to
reflect the new assignments as described below. This step will be
referred to as path conditioning in the description of the algorithm.

Path Conditioning: In the current resource graph every edge
in the newly identified path is reversed except the first edge start-
ing from α (that edge is removed). Formally, every edge ( fa,Db)
is replaced by its reverse edge (Db, fa), and similarly every edge
(Dr, ft ) in the path is replaced by the reverse edge ( ft ,Dr). The last
edge on the discovered path from some Du to ω is also replaced
by the reverse edge (ω,Du). The first edge (α , fi) is removed from
the graph. No changes are made to edges that do not belong to the
found path.

The algorithm maintains the following invariant: an edge (Dr, ft)
in the resource graph at the start of an iteration means that currently
disk Dr is assigned to flow ft . Suppose the algorithm chooses to al-
locate a disk to flow fu at some iteration, and finds a path (α, fu,
D j1 , f j1 , D j2 , f j2 , · · · , D jk , f jk , D jk+1 ,ω) through fu. This implies
that at the start of the iteration there were at least k assignments:
disk D ji was assigned to flow f ji ,1 ≤ i ≤ k. When the edges be-
tween flows and disk nodes are reversed by the path conditioning
step at the end of the iteration, the k + 1 new assignments will be:
D j1 to fu, D j2 to f j1 , and so on ending with D jk+1 assigned to f jk .
Note that for each of the flow vertices f ji only the identity of the
assigned disk was changed.

Figure 2 shows the set of vertices V and edges E for the re-
source graph constructed for the example of Figure 1. The graph
consists of 3 flow vertices and 5 disk vertices; there is an edge
( fi,D j) if there is a request for disk D j in the queue of flow fi. As-
sume for purpose of exposition that the CA(t −1) = [0,2,2] at this
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Figure 6: G4, graph after 4 iterations
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Figure 7: G5, graph after 5 iterations

time. LexAS will first try to assign a disk to flow f1, since it is
the smallest component. Suppose it finds the path (α, f1,D1,ω)
through f1. Following the path conditioning step, the modified
graph G1 is shown in Figure 3; the edge (D1, f1) indicates that
currently D1 is assigned to flow f1. The current allocation vector
A(t) = [1, 0, 0]. The minimum component of CA(t − 1) + A(t)
= [1, 2, 2] is still f1, and the algorithm looks for another path
through f1 in graph G1. If the path (α, f1,D2,ω) is found, then,
following the path conditioning step, we have the modified graph
G2 shown in Figure 4. Note that both D1 and D2 are assigned to f1
and CA(t − 1)+ A(t) = [2, 2, 2]. All f1, f2 and f3 are candidates
for the next selection, and we assume that f2 is chosen arbitrarily.
Suppose that the path through f2 in G2 that is found by LexAS is
(α, f2,D1, f1,D4,ω). Following path conditioning the graph G3 is
shown in Figure 5. Note that D1 has been reassigned from f1 to
flow f2, and that D4 has been assigned to f1. The number of disks
assigned to f1 is still 2, while f2 now has a disk assigned to it. The
vector CA(t − 1)+ A(t) = [2, 3, 2]. For the next iteration, assume
that f3 is selected. The path (α, f3,D2, f1,D5,ω) after path condi-
tioning leads to the graph shown in Figure 6. Note that f1 has two
disks {D4,D5} assigned, f2 has the assignment {D1} and f3 has
the assignment {D2}. CA(t−1)+A(t) = [2, 3, 3], so the final flow
to be selected is f1. The path (α, f1,D1, f2,D3,ω) following path
conditioning is shown in Figure 7. The final allocation vector A(t)
= [3, 1, 1], leading to CA(t) = [0, 2, 2] + [3, 1, 1] = [3, 3, 3]. The
final assignment is disks {D1, D4, D5} to f1, disk {D3} to f2 and
disk {D2} to f3.

Note that although related to the problems of bipartite graph
matching and determining maximum flow, there are subtle but sig-
nificant differences that preclude direct application of either of these
algorithms to our problem [13]. Our algorithm is inspired by the
ideas of augmenting paths and residual graphs employed in the
Ford Fulkerson algorithm for maximum flow in a network, but has
been suitably refined for the problem at hand.

allocations = 0;1

d = number of disks with at least one request pending;2

G is augmented resource graph with Eα = φ ;3

Let priority vector P = [p1, p2, · · · , pm], where pi = Bi, at4

the time of scheduling;
Mark all pi’s as non-saturated;5

while (allocations < d) do6

Choose the minimum non-saturated element pi of P7

with ties broken arbitrarily. Add edge (α, fi) to G;
Search for a path from α to ω that includes (α, fi) ;8

if (no path is found) then9

Mark pi as saturated in P;10

else11

pi = pi +1;12

allocations = allocations + 1;13

end14

Update graph G by path conditioning;15

end16

Algorithm 1: LexAS algorithm

The following lemma formally asserts that the choice of flow
node at each iteration of LexAS leads to a lexicographically mini-
mal cumulative allocation vector.

LEMMA 1. Given vector X = [x1,x2, · · ·xi, · · ·xm], such that x1 ≥
x2 · · · ≥ xm. Let Yi = [x1,x2, · · ·xi + 1, · · ·xm], and let Ŷi denote
the vector obtained by arranging the components of Yi in non-
increasing order. Then Ŷm is lexicographically minimum of all the
vectors Ŷi, i = 1, · · · ,m.



LEMMA 2. Once LexAS allocates a disk node to some flow node,
the disk will never become free (although it may be reassigned to a
different flow node).

LEMMA 3. LexAS finds the minimum lexicographical alloca-
tion of d disk blocks to flows.

LEMMA 4. The running time of LexAS algorithm is O((m +
d)|E|).

Lemma 1 is proved later on as a special case of Lemma 5. The
proofs of Lemmas 2, 3 and 4 are not presented due to lack of space.
The proofs are available in [13].

3.1 Differentiated Service
In this section we describe how LexAS can be generalized to

handle the problem of providing differentiated service to the set
of flows. In this model, each flow fi has an associated weight wi,
0 ≤ wi ≤ 1 and ∑m

i=1 wi = 1. Flow fi should be allocated a fraction
wi of the total number of I/O requests dispatched at any time.

Let CA(t) = [B1,B2, · · ·Bm] be the cumulative allocation vector
at time step t, and let its weight be denoted by W . Then under dif-
ferentiated service, flow fi should do a fraction wi of the total num-
ber of I/Os performed: that is Bi = Wwi, i = 1, · · · ,m. It follows,
that under differentiated service: B1/w1 = B2/w2 = · · · = Bi/wi =
· · · = Bm/wm. We therefore also refer to differentiated service as
proportional service.

Define a normalized cumulative allocation vector N (t), con-
sisting of weight-scaled values of the cumulative allocation vector,
CA(t) = [B1,B2, · · · ,Bm]. That is, N (t) = [η1,η2, · · ·ηm], where
ηi = Bi/wi, i = 1, · · · ,m.

We modify algorithm LexAS for the case of differentiated ser-
vice as follows. The priority vector P in step 4 of the algorithm is
initialized to N (t) at the start. Step 7 that chooses the flow to be al-
located a disk is modified as follows: among all non-saturated flow
nodes, we select the one with the minimum value of ηi +(1/wi).
Finally in step 12, we increment pi by 1/wi. For completeness the
algorithm with these changes is presented as Algorithm 2.

To show that the choice of flow node in step 7 leads to a lexico-
graphically minimal normalized cumulative allocation vector, we
argue as follows.

LEMMA 5. Given vector X = [x1,x2, · · ·xi, · · ·xm], such that x1 ≥
x2 · · · ≥ xm. Let Yi = [x1,x2, · · ·xi + 1/wi, · · ·xm] and let Ŷi denote
the vector obtained by arranging the components of Yi in non-
increasing order. Let t be the index such that xt +1/wt ≤ xk +1/wk,
for all k, 1 ≤ k ≤ m. Then Ŷt is lexicographically minimum of all
the vectors Ŷk,k = 1, · · · ,m.

PROOF. (Sketch) Let ut = xt + 1/wt and uk = xk + 1/wk. Since
uk ≥ ut > xt , the rank2 of uk in Ŷk, is less than t. Similarly, since
ut > xt , the rank of ut in Ŷt is no more than t. Consider the elements
with the first t ranks of vector Ŷt and of vector Ŷk. They differ in at
most two elements: uk and xt in Ŷk and ut and xk in Ŷt . Since ut ≤ uk,
it follows by looking at the first t ranks that Ŷt is lexicographically
smaller than Ŷk.

In the special case where all weights are equal, the lemma simpli-
fies to Lemma 1.

2The rank of a component is equal to the number of elements in the
vector that are no smaller than it.

allocations = 0;1

d = number of disks with at least one request pending;2

G is augmented resource graph with Eα = φ ;3

Let priority vector P = [p1, p2, · · · , pm], where pi = ηi, at4

the time of scheduling;
Mark all pi’s as non-saturated;5

while (allocations < d) do6

Choose the non-saturated element pi of P with the7

minimum value of pi + 1/wi. Break ties arbitrarily.
Add edge (α, fi) to G;
Search for a path from α to ω that includes (α, fi) ;8

if (no path is found) then9

Mark pi as saturated in P;10

else11

pi = pi +1/wi;12

allocations = allocations + 1;13

end14

Update graph G by path conditioning;15

end16

Algorithm 2: LexAS algorithm for weighted allocation

4. MODEL EXTENSIONS
In this section we consider extensions to the model of the previ-

ous section to deal with some practical issues and generalizations.

4.1 Variable sized Resources
The first extension will deal with allocating variable-sized re-

sources. For specificity, we will consider service time as the re-
source since different requests will in general, incur varying amounts
of service times at a disk. We show below that the problem of
finding a fair allocation in this case is NP-Complete. For this sit-
uation we generalize the definition of the allocation vector A(t) =
[b1,b2, · · · ,bm] in the natural way, so that b j is the sum of ser-
vice times of the dispatched requests (instead of the number of dis-
patched requests) from flow j at step t.

DEFINITION 3. Fairness with Variable Service Times (FVST)
problem: The input is a set of requests {ri, j : 1≤ i≤m,1≤ j ≤N};
ri, j is a request from flow fi for a resource R j, with associated ser-
vice time ci, j . Find a work-conserving schedule with the lexico-
graphically minimum allocation vector A(t). The decision problem
asks whether there exists a work-conserving schedule in which all
components of A(t) are equal?

LEMMA 6. FVST is NP-Complete.

PROOF. By reduction from 2-Partition. Consider an instance of
2-partition with input set A ={a1,a2, · · · ,an}. Create an instance
of FVST with m = 2 flows and N = n resources; create a set of 2n
requests {ri, j , 1 ≤ i ≤ 2,1 ≤ j ≤ n}, and ci, j = a j for all 1 ≤ i ≤ 2.
It is easy to see that there exists a 2-partition of A if and only if
there exists a work-conserving schedule in which both components
of the allocation vector are equal to 1/2∑n

i=1 ai.

In addition to the issue of computational complexity raised above,
it is notoriously difficult in practice to make accurate a-priori esti-
mates of the resource requirements such as the disk service time
of a request [26]. Hence a practical scheme will have to work
around this limitation in some way if the goal is to assign cumu-
lative service time in a proportional manner. We propose using a
feedback-based adaptive scheme in conjunction with LexAS as de-
scribed below.



The cumulative allocation vector CA(t) is maintained by empir-
ical monitoring and feedback from the resource controller to the
scheduler. The actual service time of each request is monitored at
the resource and, after the request completes, is used to update the
accumulated service time of the flow to which the completed re-
quest belongs. The system also maintains the average service time
of the requests, which will be used as an estimate for the service
time of the new requests by LexAS. When LexAS is invoked at
time t, it uses the measured values of CA(t) to initialize the priority
vector P used in the scheduling algorithm. The average value of
the service time c∗ is assumed for each request during the schedul-
ing. Hence after every allocation of a resource, the appropriate
component of P is increased by c∗ or in the case of differentiated
service by c∗/wi.

4.2 Minimizing Schedule Length
We next consider the issue of the length of the overall schedule.

To formulate the problem precisely, we consider the static (off-line)
situation where the entire set of requests in the queues of all the
flows is scheduled before the next batch of requests is admitted. In
the model as described previously, the scheduler is free to select any
of the pending requests from any of the flows; the accessed block
is immediately returned to the application driving that flow which
may internally buffer the block if desired. In this model, not only is
LexAS a fair algorithm, it also maximizes the I/O throughput, due
to its work-conserving property.

An alternative model seeks to restrict the order in which requests
from a flow can be serviced. In this model the requests from a flow
are consumed sequentially, and there is a maximum buffer of size
M blocks available for any flow. Thus, for each flow at most M
blocks including the earliest unfetched block of that flow, are can-
didates for I/O at any step. Being work-conserving is no longer
sufficient to guarantee that the schedule has minimal length. De-
pending on which flow was allocated a disk at a time step, the set
of new candidates for scheduling at the next time step changes.
In this situation, the problem of constructing an I/O schedule that
minimizes the number of I/O steps to service all requests has been
shown to be NP-complete [13] even when M = 1 and all service
times are equal. We omit the details except to mention that a suit-
able reduction from 3-Partition is used to prove NP-completeness.

Both types of workloads occur in practice. The first models
transactional workloads consisting of independent disk requests. In
this case LexAS optimizes both the system throughput as well as
providing fair (or proportionate) allocation to individual flows. The
latter situation models streaming workloads where there is a fixed
order in which blocks are required, and the buffer size restricts ar-
bitrarily deep prefetches. In this case LexAS optimizes on fairness,
giving each flow proportional service. Of course, this may result in
a schedule that is longer than the minimum length schedule. How-
ever note that finding the minimum length schedule is computation-
ally intractable, and is not guaranteed to be fair.

4.3 Server Allocation Policies
We now discuss two models for proportionate resource alloca-

tion, which will be referred to as Fair Window Scheduling (ab-
breviated FWS) and Don’t Use And Lose (abbreviated DUaL) re-
spectively. The models differ with respect to the time interval over
which the allocation is measured, and are used to capture the notion
of average or instantaneous quality-of-service respectively.

4.3.1 FWS policy
Under the FWS policy, the scheduler attempts to provide flows

with fair or proportionate allocation of server resources over a long

run of the system. At any time t, the FWS scheduler tries to ensure
that the cumulative accumulation CA(t) from the start of the win-
dow at time 0, is in proportion to the weight of a flow. LexAS will
provide a flow with the smaller of its total service demand and its
proportional share.

Such a model is useful in situations involving the concurrent exe-
cution of multiple batched applications, such as accessing multiple
variable-bit rate multimedia streams, or in scientific codes that al-
ternate between I/O-intensive and compute-bound phases of activ-
ity. Such applications may go through periods where the demands
on the I/O system are low, followed by periods of high I/O activity.
In FWS scheduling, a flow implicitly gains service credits during
the periods in which it makes less than its fair share of the demand
on the server. When the flow switches to a phase of heavy demand,
the scheduler redeems those accumulated credits and temporarily
provides it more than its proportionate share of the server resources,
in order to increase the average allocation to its proportional share.

4.3.2 DUaL policy
The alternative DUaL policy is based on the notion of “use it

or lose it”. Under this policy it is considered unfair for a flow to
receive service credits for failing to fully utilize its share of the
resources. This is motivated by the potentially severe short-term
impact on other flows that can occur when a flow recovers accu-
mulated credits. Such a flow may monopolize the servers until its
service allocation approaches its proportional share, starving other
flows during this interval. The DUaL policy attempts to provide
proportionate service to flows f and g over every window when
both flows are backlogged.

Fair scheduling schemes [11, 12, 17] are explicitly designed to
enforce this policy. Although both models have been considered
in the literature and it has been shown that both the policies can
be implemented [27] in practice , the latter has been preferred for
scheduling network traffic due to the nature of the workload. Clearly
no work conserving schedule can guarantee proportionate resource
allocation both in every backlogged time window [s,t] as well as in
the time window [0,t] (unless flows are never idle). For instance, a
flow which has been idle from time 0 to s will receive very different
allocations in a window [s,t] under the two policies. This behavior
is illustrated in Figures 8 and 9 in section 5. The appropriate policy
should be decided based on an understanding of the workload and
performance objectives.

The LexAS algorithm facilitates the use of a simple mechanism
that can be tuned to either of these policies. By appropriate set-
ting of a parameter value, LexAS can either give no credit at all to
a flow during its under utilized periods as in the DUaL policy, or
give complete credit to a flow for its under utilized period as in the
FWS policy, or any amount in between. The description earlier was
for the FWS policy, since no allowance was made for an idle flow.
For the DUaL policy the only change is in the handling of flows
that have been idle for some time. The scheduler will artificially
increase the cumulative allocation of an idle flow, so that it cannot
get credit for its idle period. The algorithm needs to keep track of
when an idle flow (say fr) is reactivated, and increment its cumula-
tive allocation Br to (Bmin/wmin)×wr, where Bmin is the smallest
cumulative accumulation of any currently backlogged flow. Essen-
tially, a newly awakened flow restarts at an equal footing with other
flows in competing for service at this time. Recall, that the DUaL
policy does not permit a flow to gain credit during its idle periods.

In the DuAL policy in a window where two flows f and g are
both backlogged the request sequences can be so skewed that one
of the flows gets an arbitrarily larger amount of service than the
other. For instance one flow may have requests only to one disk



(lets say disk 1), while the other flow may have requests for all
disks. This means that |B f (t)−Bg(t)| can grow without bound. On
the other hand, the ratio B f (t)/Bg(t) can be shown to be bounded,
since LexAS will ensure that the skewed flow is not starved of ser-
vice on disk 1. These observations are summarized in the Lemmas
below. The proofs are omitted due to lack of space.

THEOREM 1. For any work conserving schedule, there exist re-
quest sequences for which the difference |B f (t)−Bg(t)| grows with
t, even though f and g are continuously backlogged in the interval
[0,t].

THEOREM 2. Let cmax be the maximum service time of a re-
quest. In any sufficiently long time interval T in which flows f and
g are backlogged during the entire interval we have:

η f (T )

ηg(T )
≤ N

(

wg

w f (wg − cmax/T )

)

5. SIMULATION-BASED EVALUATION
In this section we present the results of evaluating LexAS using

simulation on synthetically generated workloads. The workloads
are synthesized from random, restricted random and skewed access
patterns as follows. In the first case, every request of a flow is to a
disk chosen randomly with equal probability. In case of restricted
random, a flow randomly accesses a subset of disks: restriction
parameter φ represents the fraction of disks accessed by the flow.
We use φ = 0.5 in our experiments. In the skewed model successive
accesses are correlated. In this model, the ith request belongs to the
same disk as the (i−1)th request with some probability p; p starts
with a certain maximum value (close to 1) and keeps on decreasing
linearly. This produces skewed access patterns for flows, where
there is a burst of requests to a disk, followed by a burst on another
disk, and so on. This behavior captures locality in disk requests.
We also used striped skew pattern where the next access is for the
next numbered disk (with wraparound) with high probability.

In the simulation, we show two basic characteristics of LexAS.
First is the ability to isolate the performance of different flows in
achieving the desired weighted allocation of resources. This isola-
tion prevents a badly-behaving flow from negatively impacting the
behavior of other flows. Secondly, we show that LexAS works well
in practical situations in which the service times are non-uniform.
We also compare LexAS with some common schemes such as Ran-
dom and Round-robin to better illustrate the challenges in QoS
scheduling.

5.1 Uniform Service times
The first set of simulation experiments assumed uniform service

times for the requests, and scheduled successive I/Os using the ba-
sic LexAS algorithm described in Figure 1. Each flow queue was
filled with 64 requests at the scheduling instant. For these exper-
iments we chose 64 disks, and we experimented with 5 flows. 3
of the flows were generated using the random model and the other
2 consisted of interleaved sections of random and skewed requests
generated as follows: if L is the total number of requests in the flow,
requests in the segment [0,L/5] are skewed, [L/5,2L/3] is gener-
ated randomly, [2L/3,4L/5] is generated again using the skewed
model, and [4L/5,L] is generated randomly. We chose these seg-
ment lengths to be able to highlight the difference in behavior of
DUaL and FWS policies.

We ran LexAS (DUaL) algorithm on these 5 flows and the result
is shown in Figure 8. The weights of all flows were assumed to be
equal, so we were looking for a fair allocation. Note that we plot
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Figure 8: Fair allocation by LexAS(DUaL), skewed in-
puts
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Figure 9: Fair allocation by LexAS(FWS), skewed in-
puts

cumulative number of blocks accessed (Bi) for each flow on the y-
axis and the I/O step number on the x-axis. Thus the slope of the
curve indicates the number of blocks fetched per I/O for that flow.
We observe that till about 320 I/Os, flows 4 and 5 get fewer blocks
per I/O because their accesses in this range are skewed. When these
flows are in their random phase (between I/O numbers 320 and
480), all flows get a similar number of blocks per IO as expected
in the DUaL policy. Note the slopes of all five flows are equal in
this range. After step 480, the slope for flows 4 and 5 increases
slightly because flows 1, 2 and 3 have completed. In the interval
from 500 to 680 IO steps, the second skewed region for flows 4 and
5 is reached, as shown by their decreased slope. The rest of the
region is generated with the random model and is scheduled with
higher slope than the earlier random section, since only two flows
are contending for resources.

Figure 9 shows the results obtained by running LexAS (FWS) on
the same input. There are 3 main points to note here: (i) the initial
skewed segment in flows 4 and 5 completes in about 280 IOs rather
than 320 in case of DUaL (ii) between I/O numbers 280 and 360,
the slope of curves 4 and 5 is much higher than the slope of curves
1, 2 and 3 because FWS favors the flows lagging behind in their
fair share of number of blocks, and (iii) around step number 360 all
flows have an equal number of blocks and their slope is equal from
that point till the flows 4 and 5 enter their second skewed phase.

To test the LexAS algorithm for a weighted allocation, we ex-
perimented with 4 flows where flows 1 and 2 are generated ran-
domly, and flows 3 and 4 have an initial 5% region generated in a
skewed manner; at a random later point again a certain number of
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Figure 11: Fair allocation by Random Scheme

requests are skewed (to measure the sensitivity of the algorithm).
The weights for the flows were chosen to be 0.1, 0.2, 0.3, 0.4 re-
spectively. We observe in Figure 10 that initially flows 3 and 4
(the two lower curves) get less than their weighted share due to the
skewness (note that these two flows have higher weight), and flows
1 and 2 get more than their fair share, since the work conserving
property allocates the share unused by flows 3 and 4 to the other
flows. Also notice that flow 2 gets a larger share of the free capac-
ity than 1 due to its higher weight, and 4 gets a larger share than
3. As soon the hot spot activity passes, flows approach their pro-
portionate share of bandwidth. Later on near step 2000, there is
again a short hot spot activity in flow 4 that is shown by the slight
fluctuation in the curves.

5.2 Non-Uniform Service Times
In this section we assume non-uniform service times uniformly

distributed between tmin and tmax, and Poisson arrivals. We chose
tmin = 0.013 msec and tmax = 12.11 msec.3. LexAS is invoked
whenever a disk becomes free. The length of the disk queues was
fixed at 4: hence LexAS ignores disks that currently have 5 out-
standing requests at that disk, when constructing its dispatch sched-
ule. Note that with a queue size of zero, LexAS simply dispatches a
request from the flow with a request for the free disk with minimum
cumulative allocation. Façade [21] has shown that throughput in-
creases with increased disk queue length, because requests can be
re-ordered to support lower-level optimizations. Thus zero queue

3These values are chosen based on the description of disk charac-
teristics given in chapter seven of [14].
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length would provide poorer throughput in practice as there would
be no option for the low-level scheduler to optimize for seek and
rotational delays.

First we compared our approach to some simpler schemes such
as Random and Round-robin. Upon completion of a request,
Random immediately assigns the free disk to a randomly-chosen
flow with a request for that disk. Round-robin assigns the free disk
to the next flow with a request for the disk in a round-robin traversal
of the flows. We used three randomly generated flows with equal
weights, with average arrival rates of 600 IOs/sec each. Flow 3 ac-
cesses only half (φ = 0.5) the disks in a random manner from 30
to 70 seconds. This restricted behavior is introduced to check the
capability of Random and Round-robin schemes. Figures 11 and
12 shows the achieved IO rate (IOs/sec) for each of the flows for
Random and Round-robin schemes respectively. Observe that the
share of flow 3 decreases during the skewed portion and the other
two flows get a larger share of the system bandwidth. Figure 13
shows the behavior of LexAS which achieves fairness even in pres-
ence of skew. If requests are randomly distributed to all the disks
for all flows, then Random and Round-robin also achieve fairness
to a large extent. We experimented with various values of tmin, tmax
and φ and observed similar results. Lower values of φ increases un-
fairness in distribution and higher values make the other schemes
closer to a fair distribution. This happens because Random and
Round-robin schemes allocate fair share only among the disks ac-
cessed by a flow, and they do not compensate for lack of accesses
to some disks.

We tested LexAS for weighted distribution, skewed behavior and
mixed arrival patterns. The storage system consists of 8 disks and
has a capacity of approximately 1400 IOs/sec. This is deliberately



set less than the total input rate (2100 IOs/s) to see the weighted
distribution; otherwise all the flows will get service rates equal to
their input rates due to the work conserving property of LexAS.
First we experimented with three flows having weights 0.2, 0.3 and
0.5 respectively. In this experiment flow 1 accesses all disks in a
random order, flow 2 has skewed accesses to all disks from 0 to 10
sec and again from 60 to 70 sec, flow 3 randomly accesses half the
disks from 30 to 70 sec and all the disks during the rest of the time.
Figure 14 shows the achieved IO rate (IOs/sec) for the flows, with
continuous average IO rates of 700 IOs/sec each. We observe that
even with variable service times and input skews, LexAS allocates
IOs/sec proportional to the flow weights.

We also experimented with striped skew and on-off arrivals. Fig-
ure 15 shows the distribution of IOs/sec for 4 flows which are gen-
erated as follows: Flow 1 and 3 are generated in a striped skew
manner, flow 2 has restricted random accesses from 20 to 60 sec
and random otherwise, flow 4 has a periodic on-off arrival pattern
with 40 sec on-time followed by 10 sec off-time. Flows 1, 2 and 3
have arrival rates of 600 IOs/sec and flow 4 has an arrival rate of
500 IOs/sec. Figure 15 shows that all flows get IOs proportional to
their weights. Note that during the off-time of flow 4, spare capac-
ity is also distributed in a weighted manner. There is a small drop
in IOs given to flow 1 from 50 to 60 sec because flow 1 received
more than its share during the off-time due to lack of requests from
other flows and FWS scheduling policy keeps track of previous his-
tory for future allocations. Flow 4 did not receive any extra share
once it came back (at time = 50 sec), because its arrival rate is al-
most equal to its service rate and there are no pending requests in
its queue. Also at 90 sec, flow 4 gets idle again and spare capacity
is shared in a weighted mannner by the remaining flows.

6. RELATED WORK
The work related to LexAS can be divided into three major cat-

egories: (i) virtualization systems for shared storage such as Inter-
posed Proportional sharing [17], Façade [21], and Stonehenge [15],
(ii) QoS and fairness in network scheduling and (iii) Fair allocation
of a single disk.

Façade [21] provides a virtualization approach to fulfill Ser-
vice Level Objectives (SLOs) of independent workloads accessing
a storage system by doing EDF (earliest deadline first) scheduling.
Although EDF is work conserving, it may not be able to provide
performance isolation in case of sudden rise in demand from cer-
tain flows. Façade assumes the availability of a capacity planner
for admission control, so that all the SLOs are satisfied (unfair-
ness of EDF is shown in [17]). Our approach is work conserving
and provides a finer control over allocation of disks to workloads
in each I/O, to achieve the desired bandwidth allocation. Inter-
posed proportional sharing algorithms are suggested in [17] that
assign virtual start and finish times to requests based on their cost,
weight of the client queue and arrival time. They show their algo-
rithm to be fair as well as work conserving. However, the model
in [17] assumes a single server or multiple uniform (interchange-
able) servers. In contrast, we attain fairness even when flows can re-
quest service from specific servers and the set of requested servers
can vary dynamically.

Stonehenge [15] proposes a virtual clock based two-level disk
scheduling architecture. At the first level every request goes to a
central controller that determines a deadline for the request, and at
the second level a CVC disk scheduler is used at each disk. The
drawback of Stonehenge is that it does not explicitly address disk
contention. In addition a virtual stream can get an unfair share of
bandwidth if it gets idle for some time and comes back. This is
because the virtual time of the stream will lag behind as compared
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to active flows. We believe that our scheme can be used at the cen-
tral scheduler in a system like Stonehenge while taking into con-
sideration the contention among physical disks for different virtual
streams.

Many schemes have been developed for fair scheduling both in
datagram and packet switched networks [3,4,9,11,12,27]. Most of
them are variants of the Generalized Processor Sharing (GPS) al-
gorithm and differ based on fairness guarantees, delay bounds and
cumulative service provided to flows [12]. Some of them( [3, 4, 8])
try to approximate GPS very closely and do elaborate calculations
that are prohibitive to implement in high speed networks. Oth-
ers [9, 11] try to find fast approximations thereby loosing in terms
of bounds they can provide for delay and cumulative service during
any interval. Our approach when applied to their scenario matches
the lowest bound achieved by them for cumulative bandwidth ob-
tained by different flows. These algorithms are not applicable to
our scenario where multiple resources are shared by flows in the
presence of resource constraints on each request. In case of Internet
switches, schemes such as PIM [2], iSLIP [22], shakeup [10] match
input-output ports in a probabilistic, round-robin or random man-
ner to achieve high throughput and fairness. iFS [23] assigns virtual
start and finish times to each packet and matching is done based on
bandwidth requirements of the flow. These schemes obtain a one-
to-one mapping at each step, whereas we need one-to-many at each
IO step. Iteratively applying bipartite matching suggested by them
prevents reassignment in the future, so fairness is no longer guar-
anteed. Other mechanisms such as QoSBox [7], and Diffservs [5]
achieve service differentiation by packet dropping, traffic shaping
and reordering. Most of these techniques cannot be adapted to work
in storage systems [26].



Several disk scheduling policies have been proposed for fairness
in case of single disks. Silberschatz et al. introduced YFQ [6] disk
scheduling algorithm that assigns a start and finish time to each
request so as to approximate generalized processor sharing (GPS)
algorithm for resource sharing. YFQ schedules requests in order of
finish times, and also performs various optimizations to reach the
efficiency of seek/rotational delay based algorithms. Cello [25]
suggests a two-level scheduling framework that includes a coarse-
grained scheduler for each application that works according to the
application needs and a fine-grained common scheduler that re-
orders requests from different schedulers to optimize for seek and
rotational delays. Our approach however, provides weighted fair-
ness across multiple disks. Furthermore, multiple requests can be
sent to each disk to get the benefits of the lower level optimizations.

7. CONCLUSIONS
In this paper we proposed an algorithm for QoS scheduling for

parallel disks. Our approach can be used to support an economic
model deployed at data centers where clients pay according to their
service agreements with the SSP (storage service provider), and
different flows are isolated from each other. The results show that
LexAS provides weighted-fairness to different flows and is work
conserving. A benefit of our approach is that it works well even
when the service times of requests are not known a priori, by us-
ing empirically measured feedback to drive the algorithm. In the
absence of such mechanisms, the algorithm can still work using
estimates of the service time.

LexAS is the first approach that handles allocation of shared
resources in the presence of explicit resource constraints. Previ-
ous approaches to QoS scheduling have concentrated on single re-
sources or multiple uniform (indistinguishable) resources. Our re-
sults have applicability in a broader context of multiple heteroge-
neous servers, where clients may require specific servers at differ-
ent times.
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