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Abstract

We address the problems of I/O scheduling and buffer
management for general reference strings in a parallel I/O
system. Using the standard parallel disk model withD disks
and a shared I/O buffer of sizeM , we study the perfor-
mance of on-line algorithms that use bounded globalM -
block lookahead. We introduce the concept of write-back
whereby blocks are dynamically relocated between disks
during the course of the computation. Write-back allows
the layout to be altered to suit different access patterns in
different parts of the reference string. We show that any
bounded-lookahead on-line algorithm that uses purely de-
terministic policies must have a competitive ratio of
(D).
We show how to improve the performance by using random-
ization, and present a novel algorithm, RAND-WB, using a
randomized write-back scheme. RAND-WB has a compet-
itive ratio of�(

p
D), which is the best achievable by any

on-line algorithm with only globalM -block lookahead. If
the initial layout of data on the disks is uniformly random,
RAND-WB has a competitive ratio of�(logD).

1. Introduction

Continuing advances in processor architecture and tech-
nology have resulted in the I/O subsystem becoming the
bottleneck in many applications. The problem is exacer-
bated by the advent of multiprocessing systems which can
harness the power of hundreds of processors in speeding up
computation. Improvements in I/O technology are unlikely
to keep pace with processor-memory speeds, causing many
applications to choke on I/O. The increasing availability of
cost-effective multiple-disk storage systems [7] provides an
opportunity to improve the I/O performance through the use
of parallelism. However it remains a challenging problem
to effectively use the increased disk bandwidth to reduce
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the I/O latency of an application. Effective use of I/O par-
allelism requires careful coordination between data place-
ment, prefetching and caching policies.

The parallel I/O system is modeled using the intuitive
parallel disk model introduced by Vitter and Shriver [18]:
the I/O system consists ofD independently-accessible disks
and an associated I/O buffer with a capacity ofM blocks
that is shared by all the disks. The data for the computation
is stored on the disks in blocks; a block is the unit of access
from a disk. In each parallel I/O up toD blocks, at most
one from each disk, can be read (written) from (to) the I/O
subsystem. From the viewpoint of the I/O, the computation
is characterized by areference stringconsisting of the or-
dered sequence of blocks that the computation accesses. A
block should be present in the I/O buffer before it can be
accessed by the computation. Serving the reference string
requires performing I/O operations to provide the compu-
tation with blocks in the order specified by the reference
string. In this model the measure of performance of the sys-
tem is the number of parallel I/Os required to service a given
reference string.

Classical buffer management has been studied exten-
sively in a sequential I/O model [1, 4, 5, 6, 8, 16]. These
works primarily deal with developing efficient buffer man-
agement algorithms for a single-disk system by optimizing
decisions regarding the blocks to be evicted from the buffer.
The use of information regarding future accesses,looka-
head, to improve the eviction decisions made by on-line
algorithms for single-disk systems was studied in [1] and
[5] using different models of lookahead. The overlap of cpu
and I/O operations using prefetching in a single-disk system
was addressed in [6], and off-line approximation algorithms
were presented and analyzed. In the context of parallel I/O
studied in this paper, several new issues (discussed in Sec-
tion 2) arise precluding any straightforward extensions of
the algorithms for single-disk systems to the parallel situa-
tion. In [3] the question of designing on-line prefetching al-
gorithms for a parallel I/O system using bounded lookahead
was addressed. Fundamental bounds on the performance of



algorithms were presented for an important class of refer-
ence strings called read-once reference strings. However,
the problem of general reference strings in which blocks can
be repeatedly accessed, called read-many reference strings,
was not considered. For read-many reference strings an op-
timal off-line buffer management and scheduling algorithm
was presented in [17] for a distributed-buffer parallel I/O
model in which each disk has its own private buffer. In an
alternative stall model of parallel I/O, a generalization of
the sequential model of [6] to multiple disks and a shared
buffer, an approximate off-line algorithm for I/O schedul-
ing and buffer management was presented in [10]. How-
ever, so far the question of devising an on-line algorithm
with bounded lookahead for general read-many reference
strings in a parallel I/O model has not been addressed.

In this paper we study the on-line I/O scheduling prob-
lem for read-many reference strings in the framework of
competitive analysis. We use the competitive ratio (defined
formally in Section 2.1) as the measure of performance
of an on-line algorithm . Informally, this ratio measures
how well a given on-line algorithm compares with the op-
timal off-line algorithm; the off-line algorithm has access
to the entire reference string and constructs its schedule us-
ing some off-line optimization strategy. We introduce the
concept ofwrite-back, whereby blocks are dynamically re-
located between disks during the course of the computation.
We show that buffer management algorithms which per-
form no write-back can pay a significant I/O penalty when
compared to algorithms that do. However deciding which
blocks to relocate and how to move them is non-trivial to
do in an online manner. We show thatanyscheduling algo-
rithm with bounded lookahead that uses deterministic rather
than randomized buffer management and I/O scheduling
policies can in the worst case require�(D) times as many
I/Os as the optimal off-line algorithm.

We userandomizationto improve the performance of
buffer management and scheduling decisions. In particular,
we design an on-line buffer management and scheduling al-
gorithm, RAND-WB, whose competitive ratio matches that
of thebest on-line algorithm that uses the same amount of
lookahead. For worst case reference strings, the expected
number of I/Os performed by RAND-WB is shown to be
within �(

p
D) times the number of I/Os done by the opti-

mal off-line algorithm. This is significantly better than the
�(D) competitive ratio of deterministic methods.

The rest of the paper is organized as follows. Issues in
parallel I/O and basic definitions are presented in Section 2.
In Section 3 we introduce the concept of write-back and de-
rive a lower bound of
(D) on the competitive ratio of any
deterministic algorithm using globalM -block lookahead.
An algorithm using randomized write-back that achieves a
competitive ratio of�(

p
D) is presented in Section 4.

2. Performance Issues in Parallel I/O

In the sequential I/O model, the measure of performance
is the total number of blocks accessed from the disk. How-
ever, for parallel I/O a better measure is the number of par-
allel I/Os performed, as more than one block can be fetched
in a single I/O operation. The potential for overlapped ac-
cesses raises new issues that make the problem of optimiz-
ing the number of parallel I/Os challenging.

Prefetching: It is well known that early fetching can-
not reduce the number of I/Os needed1 in the single-disk
model [16]. In a parallel I/O system fetching a block
only when it is requested by the computation is wasteful
of the available I/O bandwidth, since only one block will
be fetched in any I/O operation. Disk parallelism can be
obtained by prefetching blocks from disks that would oth-
erwise idle, concurrently with a demand I/O. In order to
prefetch accurately, the computation must therefore be able
to look ahead in the reference string, beyond the last ref-
erenced block. Prefetching for multiple disks for specific
applications has been studied in [2, 11, 12, 13, 14], for ex-
ample.

Choice of blocks to fetch on an I/O: In the sequen-
tial model blocks are always fetched strictly in order of
the reference string. In the parallel model fetching blocks
in order of their appearance in the reference string can
be inefficient. For instance, consider the example of Fig-
ure 1 which assumesD = 3 andM = 6. Assume that
blocks labeledAi (respectivelyBi, Ci) are placed on disk
1 (respectively 2, 3), and that the reference string� =
A1A2A3A4B1C1A5B2C2A6B3C3A7B4C4C5C6C7. Fig-
ure 1 (a) shows the I/O schedule obtained by always fetch-
ing in the order of the reference string. At step 1, blocks

Disk 1 A1 A2 A3 A4 A5 A6 A7

Disk 2 B1 B2 B3 B4

Disk 3 C1 C2 C3 C4 C5 C6 C7

(a)
Disk 1 A1 A2 A3 A4 A5 A6 A7

Disk 2 B1 B2 B3 B4

Disk 3 C1 C2 C3 C4 C5 C6 C7

(b)

Figure 1. Schedules for reference string �.

B1 andC1 are prefetched along with the demand blockA1.
At step 2,B2 andC2 are prefetched along withA2. At step
3, there is buffer space for just 1 additional block besides
A3, and the choice is between fetchingB3, C3 or neither.
Fetching in the order of� means that we fetchB3; continu-
ing in this manner we obtain a schedule of length 9. In Fig-

1Prefetching may however help in overlapping cpu and I/O opera-
tions [6].
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ure 1 (b), at step 2 disk 2 is idle (even though there is buffer
space) andC2 that occurs later thanB2 in � is prefetched;
similarly, at step 3,C3 that occurs even later thanB2 is
prefetched. However, the overall length of the schedule is
7, better than the schedule that fetched in the order of�.

Replacement Policy: In the parallel I/O model, choos-
ing a block to evict is complicated because of two reasons:
the need for parallelism and the use of prefetching. It is
well known that the replacement policy that evicts the block
whose next reference is the farthest (known as the MIN al-
gorithm [4]) minimizes the total number of I/Os done in the
sequential model. In a parallel system this is not sufficient.
The eviction decision is influenced by the potential paral-
lelism with which blocks can be read again; that is, it may
be better to evict a block even though it increases the total
number of blocks fetched, if it permits greater parallelism.
Secondly, there is a tension between the need to increase
parallelism by prefetching and the desire to delay the fetch
as late as possible to obtain the best possible candidate for
eviction. For illustration, consider the following example
with D = 3 andM = 6, where blocksAi (respectivelyBi,
Ci) are placed on disk 1 (respectively 2, 3). Suppose that
at some point the buffer containsA1; A2; A3; B1; B2; C1;
and the remainder of the reference string consists of the
subsequence:�� = A4B3C2A4B3B2B1C1A1A2A3. Fig-
ure 2(a) shows the I/O schedule obtained by using the same
policy as MIN (known to be optimal for a single-disk) to de-
termine evictions. To fetchA4 the algorithm evictsA3 that

Disk 1 A4 A1 A2 A3

Disk 2 B3

Disk 3 C2

Disk 1 A4 A1

Disk 2 B3 B1

Disk 3 C2 C1

(a) (b)

Figure 2. Schedules for reference string ��.

is referenced later than all the other blocks in buffer.B3

andC2 are prefetched along withA4, evicting blocksA2

andA1
2. The buffer now has blocksA4B3C2B1B2C1, and

the computation proceedstill block A1 is referenced. Three
more I/Os, fetching blocksA1, A2 andA3 respectively, are
required to complete the schedule. In contrast Figure 2(b)
shows a schedule that takes only2 rather than4 steps. This
is obtained by evicting blocksA1; B1 andC1 (instead of
A1; A2 andA3) at the first step. When the computation ref-
erencesB1 these blocks are read back in just one I/O.

2Note that even if we did not prefetchB3 or C2 but fetched them on
demand on the next 2 I/Os, the same eviction decisions would be made,
so any difference in performance in this example is not due to suboptimal
decisions caused by prefetching.

2.1. De�nitions

We use the Parallel Disk Model [18] of a parallel I/O
system. This model consists ofD independently accessi-
ble disks and an associated I/O buffer capable of holding
M (M � 2D) data blocks. In one parallel I/O step up to
D accesses, at most one on any disk, can proceed in paral-
lel. The measure of performance is the number of parallel
I/Os performed to service a given sequence of I/O requests.
This model uses the I/O time as the measure, and looks to
the overlap of operations on different disks as the primary
method of performance improvement, rather than overlap
of cpu and I/O operations. In the rest of the paper we shall
use I/O to mean aparallel I/O.

Reference strings, introduced informally in the previous
section, model the sequence of I/O accesses. In this pa-
per we consider read-many reference strings where there is
no restriction on the blocks referenced. This is contrast to
read-oncereference strings [3], where all the requests are to
distinct blocks.

Definition 1 The sequence of read I/O requests is called
thereference string. In a read-oncereference string all the
references are to distinct blocks. In aread-manyreference
string any two references can be to the same data block.

In order to perform accurate rather than speculative
prefetching it is necessary to have some knowledge of the
future requests to be made to the I/O system, beyond the
current reference. This window of future accesses embodies
the notion of lookahead. In sequential I/O systems looka-
head helps in the eviction decisions of the buffer manage-
ment algorithm [1, 5]. In parallel systems lookahead is
needed for making prefetching decisions [3] independent
of its use in aiding evictions. Our algorithms use global
M -block lookahead defined below for read-many reference
strings. Such a lookahead is calledM -block strong looka-
head in the model of [1]. There has been substantial inter-
est in obtaining such lookahead information for prefetching
from applications using combinations of programmer hints
and program analysis [15]. Intuitively, globalM -block
lookahead gives the next buffer-load of distinct requests to
the buffer management algorithm. This information can aid
both prefetching and caching.

Definition 2 An I/O scheduling algorithm hasglobalM -
block lookaheadif it knows the portion of the reference
string containing the nextM distinct blocks.

Definition 3 An online parallel prefetching algorithm A
has a competitive ratio ofCA if for any reference string the
number of I/Os required by A is within a factorCA of the
number of I/Os required by the optimal off-line algorithm
to serve the same reference string. If A is a randomized
algorithm then the expected number of I/Os done by A is
considered.
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3. Lower Bound on Deterministic Algorithms

In a read-many reference string, data blocks can be re-
quested more than once by the computation. Hence a sit-
uation may arise wherein a particular data layout strategy
may be favorable for data accesses occurring in one sec-
tion of the reference string but unfavorable for accesses in
other sections. One way to tackle this problem is to relo-
cate data blocks dynamically so as to have a favorable data
placement during the next set of accesses. Theunderlying
intuition is to rearrange the layout so that blocks which are
evicted may be fetched in parallel with other blocks in the
future. Of course, writing a block out to a different disk,
other than the one on which it currently resides, incurs the
cost of writing out a block. But the gain in I/O parallelism
as a result of this relocation can be used to offset the extra
cost in performing the write. We refer to this action of writ-
ing an evicted block to a disk, different from the one it was
fetched from, aswrite-back. Write-back allows the location
of a data block to be dynamically altered. However, there is
only one copy of the block on the disks at any time.

We next introduce the notion of simple deterministic al-
gorithms that captures the determinism inherent in most ex-
isting buffer management algorithms. An algorithm is said
to be asimple deterministic algorithm(SDA) if at any in-
stant the set of blocks that it prefetches, the set of blocks that
it evicts from the buffer and the disks to which it writes back
these evicted blocks is a deterministic function of the refer-
ence string till that instant, the lookahead, and the contents
of the buffer. The central idea in the above characterization
is that a SDA usesdeterministicpolicies. This determin-
ism can be exploited by an adversary to generate reference
strings which require a SDA to unnecessarily make a large
number of I/Os.

As a simple illustration, consider a reference string that
consists of accesses to anM � D matrix of blocks. The
blocks are first accessed in row-major order and then in
column-major order. Assume that the matrix is laid out in
block row-major order, striped across all disks. An algo-
rithm with only globalM -block lookahead, that does not
perform any write-back will significantly serialize the I/Os
while accessing the columns. A better strategy would be to
relocate the blocks while accessing the rows so that the ac-
cesses for the columns can also be parallelized. In this case
the writes too can proceed with full parallelism and drasti-
cally reduce the number of I/Os required.

Even in a more general case, when a deterministic algo-
rithm uses an arbitrary write-back policy along with more
sophisticated prefetching and block replacement heuristics,
there are reference strings for which the algorithm must se-
rialize significantly. This intuition is formalized in Theo-
rem 1 which gives a lower bound of
(D) on the competi-
tive ratio of any simple deterministic algorithm.

3.1. Proof of Lower Bound

Let A be an arbitrary SDA with globalM -block looka-
head. Based on the behavior ofA we construct a reference
string for whichA requires
(MD) I/Os (Lemma 2). We
then show an alternative off-line schedule which services
the same reference string in�(M ) I/Os (Lemma 3), thereby
showing that the ratio between the two is
(D). The de-
tailed proofs follow.

Theorem 1 Every simple deterministic algorithm with only
globalM -block lookahead has a competitive ratio of
(D).

To aid in the analysis it is useful to define the notion of a
phase, which is a sub-sequence of the reference string.

Definition 4 The reference string is partitioned into sub-
strings calledphasessuch that each phase (a) is of maxi-
mal length and (b) contains references to exactlyM distinct
blocks. Theith phase,i � 1, is denoted byphase(i).

The end of a phaserefers to the instant when the last
block of a phase has been serviced. The following defini-
tions will be useful in characterizing the set of blocks which
are accessed in a phase.

Definition 5 The set ofclean blocksin phase(i) is the
set of blocks inphase(i) not requested inphase(i � 1).
The set ofstale blocksin phase(i) is the set of blocks in
phase(i) requested inphase(i � 1). The set ofnew blocks
in phase(i) is the set of blocks inphase(i) not requested
in any, phase(j), 1 � j < i. The set ofreuse blocksin
phase(i) is the set of clean blocks inphase(i) that have
been requested in somephase(j), j < i� 1.

Let us now construct a reference string�, consisting of
M (3D + 1) references, which will be used to give a lower
bound on the performance ofA. Reference strings of ar-
bitrary length for which the proofs will follow can be con-
structed by repeating�. The details of the construction are
presented in Figure 3. Figure 4 illustrates the structure of
the constructed reference string as seen by algorithmA.

With respect of the construction of Figure 3, we note the
following. By counting the number of blocks which have
been referenced exactly once tillphase(2i + D + 1), and
using the fact that there are at mostM blocks in the buffer,
we can show that at the end ofphase(2i + D + 1) at least
M=2 blocks, requested exactly once and not present in the
buffer, reside on some disk. This will ensure that�2i+D+1

is well defined for all0 � i < D thereby allowing the
construction of the sequence�.

Lemma 1 With respect to algorithmA and the reference
string�, height(2i +D + 1) �M=2, for 0 � i < D.

Lemma 2 AlgorithmA performs
(MD) I/Os to service
reference string�.
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1. The firstD+1 phases of the reference string�, consists ofM (D+1) references to new blocks which are striped
across all disks. LetF denote this set ofM (D + 1) blocks.

2. The last2D phases are constructed in sets of two phases. Thei th, 0 � i < D, set is constructed as follows:

� The first phase of the set,phase(2i +D + 2), consists ofM new blocks striped across all disks.

� The next phase,phase(2i+D +3), is made of two parts. The first part consists ofM=2 new blocks striped
across all disks. The second part is given by the sequence�2i+D+1, determined as follows.
Let k = 2i +D + 1. Let Fk denote the set of all blocks fromF which have been referenced exactly once
till the endphase(k). LetAk;j, be the set of blocks fromFk, residing on diskj at the end ofphase(k); let
Bk;j , subset ofAk;j, be the set of all such blocks in the buffer. Thenheight(k) = maxjfjAk;j � Bk;jjg,
is the maximum number of blocks fromFk, residing on the same disk and not in the buffer. Letd denote
the disk with the maximum number of blocks fromFk not in the buffer. The sequence�k, is defined as the
ordered sequence ofM=2 earliest referenced blocks inAk;d �Bk;d.

Figure 3. Construction of reference string �
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Figure 4. Structure of a worst case reference string for A

Proof : To service the firstM (D + 1) requests algorithm
A performs at leastM (D + 1)=D I/Os. By construction
no block referenced inphase(2i +D + 3) is present in al-
gorithmA’s buffer at the end ofphase(2i + D + 1). In
addition,M=2 blocks inphase(2i+D + 3) are referenced
from a single disk. In order to service these requests algo-
rithmA must perform at least a total ofM=2 I/Os in phases
phase(2i +D + 2) andphase(2i +D + 3) combined, for
each0 � i < D. Hence the total number of I/Os performed
by algorithmA to service�, is
(MD). 2

In contrast, if all the blocks of the last2D phases are
written out striped across all disks the number of I/Os per-
formed in each of these phases can be reduced toO(M=D).
This approach is used in Lemma 3 to develop a scheme
which can service� in �(M ) I/Os.

Lemma 3 � can be serviced in�(M ) I/Os.

Proof : Let us consider an I/O schedule to service� based
on the following two rules (a) within a phase I/Os are ini-
tiated only on demand; in parallel prefetch as many of the
nextD requests as allowed by buffer space (b) let� be the
set of all blocks occurring in some�2k+D+1, 0 � k < D.
At the end ofphase(D+1), I/Os are performed to relocate

all blocks in� such that the M/2 blocks in each�2k+D+1

are uniformly distributed on all disks.

This schedule performs(D + 1)M=D read I/Os till the
end ofphase(D + 1). In each of the subsequent phases
onlyM=D reads are required, as the blocks are uniformly
distributed across all disks following the relocation. If
M � D2, the relocation can be performed inM reads and
writes of� by reading blocks with full parallelism and writ-
ing out one stripe wheneverD blocks are got from any set
�2i+D+1, 0 � i < D. Interestingly, relocation can be done
in �(M ) I/Os even ifM � D by reducing it to an off-line
load-balancing problem which can be solved using bipartite
graph matching. 2

A special case, when the SDA does not do any write-
back is representative of buffer management algorithms
normally used in practice. In this case it is easy to see that
the same proof with a simpler construction suffices (the last
2MD requests can be constructed from the initial data lay-
out). Hence in the worst case such algorithms are ineffective
in exploiting the latent I/O parallelism even when substan-
tial lookahead – one memory load – is provided to them.
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Algorithm RAND-WB uses globalM -block lookahead. Initially unmark all blocks in the buffer.
On a request for a data block the following actions are taken.

1. If the requested block is present in the buffer the request is serviced without any further action.

2. If the requested block is not present in the buffer a parallel I/O needs to be initiated for all blocks in the setL.
Some action is required, to create the necessary space for these blocks.

(a) Choose anyjLj unmarked blocks from the buffer, giving priority to blocks that have already been relocated.
Of these write-back those blocks which have not been relocated as described in (b), after flagging them as
relocated.

(b) To perform the write-back, stripe the blocks in a round robin fashion across all the disks starting the stripe
from a randomly (uniform probability) chosen disk.

(c) Read in the blocks ofL in one parallel I/O.

Figure 5. Algorithm RAND-WB

4. RAND-WB: A Randomized Algorithm

From the preceding discussion,determinismin the I/O
scheduling algorithm results in poor performance. We ad-
dress this problem through the use of randomization and
present an on-line algorithm, RAND-WB, which uses ran-
domized write-back in an attempt to parallelize repeated ac-
cesses to blocks. By doing so we show that its competitive
ratio can be improved to�(

p
D). In perspective, this is

the best competitive ratio that is achievable by algorithms
which have globalM -block lookahead and a fixed initial
layout of blocks on disks [3].

A block in the buffer is calledmarkedif it is referenced
in the current phase; else it is calledunmarked. To specify
the blocks to be prefetched in an I/O consider, for each disk,
the next block not present in the buffer that is referenced
in the same phase. LetL denote the set of these blocks.
Let B denote the set of all blocks in the buffer. Intuitively,
RAND-WB works as follows. If the I/O request is a hit in
the buffer it can be serviced without any I/O. If it is a miss,
an I/O is initiated and prefetches issued in parallel. How-
ever some buffer space needs to be freed to complete these
I/Os. Since we prefetch blocks only in the current phase
(sizeM ) there will be at leastjLj blocks in the buffer which
are not marked; these are candidates for eviction. As we
do not need to write-back blocks that have been relocated
previously, we try to choose such blocks whenever possi-
ble. The randomization in the choice of the first disk to
start a stripe guarantees that each block is effectively relo-
cated to a randomly chosen disk. The specifics of algorithm
RAND-WB are presented in Figure 5. In the next section
we analyze the performance of RAND-WB.

4.1. Analysis of RAND-WB

Let OPT denote the optimal off-line algorithm. First

note that any I/O schedule can be transformed into another
schedule of the same or smaller length in which a block
is never evicted before it has been referenced at least once
since the last time it was fetched. Hence we implicitly as-
sume this property for OPT. We shall now prove that the
competitive ratio of RAND-WB is �(

p
D).

The following terms are defined with respect to the
schedule created by OPT. We shall say that a block is
prefetched forphase(i) if the earliest future reference of
that block is inphase(i). Similarly a block is said to be
from diskj if it was last fetched from diskj.

Definition 6 Let the set of new blocks inphase(i) beNi.

� At some instant let the blocks in the buffer beB. The
residual heightof phase(i) at that time is the maxi-
mum number of blocks residing on a single disk in the
setNi � B.

� The number ofuseful blocksprefetched inphase(j)
for phase(i) is the difference between the residual
heights ofphase(i) at the start and end ofphase(j).

If at the start of a phase, there areU useful blocks in the
buffer for that phase, at leastU I/Os need to have been done
in the past to fetch them since at leastU blocks need to have
been fetched from a single disk. Of course, the I/Os to fetch
useful blocks for different phases can be overlapped. Let
IOPT(i) andIRAND-WB(i) be the number of I/Os done by OPT
and RAND-WB, respectively, in thei th phase. LetTOPT be
the total number of I/Os done by OPT.

Claim 1 In a phase no I/O is done by RAND-WB to fetch
stale blocks, and any block is read in at most once.

This follows from the marking nature of RAND-WB.
Hence, if at the start of a phase there are a maximum of
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b blocks from some disk referenced in that phase and not
present in the buffer, then the number of read I/Os per-
formed by RAND-WB in that phase isb. We next show
that the analysis can be decoupled into counting the number
of I/Os done by the algorithm in servicing the new blocks
and reuse blocks. LetHn

i (Hr
i ) denote the maximum num-

ber of new (reuse) blocks ofphase(i) on a single disk, at
the start ofphase(i).

Lemma 4 The number of read I/Os done by RAND-WB in
phase(i) is at mostIRAND-WB(i) � Hn

i +Hr
i .

Proof : From Claim 1 no I/O is done by RAND-WB to
fetch the stale blocks inphase(i). Hence, the total num-
ber of I/Os done by RAND-WB inphase(i) is equal to
the maximum number of clean blocks on any single disk
in phase(i). By definition, the number of clean blocks in
phase(i) is the sum of the number of new and reuse blocks
in that phase; hence the maximum number of clean blocks
on any disk inphase(i) is at mostHn

i +Hr
i . 2

Algorithm RAND-WB randomly relocates blocks that
are evicted from the buffer. Therefore, we can bound the
number of I/Os that algorithm RAND-WB requires to fetch
the reuse blocks in any phase, by relating it to the classi-
cal occupancy problem [9].Suppose thatm balls are ran-
domly (uniform distribution) thrown inton urns, what is
the expected maximum number of balls in any urn?Let
C(m;n) denote the expected maximal occupancy whenm
balls are thrown inton urns. Let the number of reuse blocks
in phase(i) beri.

Lemma 5 The expected value of the maximum number of
reuse blocks from any disk that RAND-WB needs to fetch in
phase(i) is at mostC(ri; D) = O(ri logD=D).

It can be noted that the total number of writes performed
by RAND-WB is bounded by the number of reads. Hence
it is enough to only count reads performed by RAND-WB.
Thus, from Lemmas 4 and 5, if

P
p indicates the sum over

all i such thatphase(i) is in the reference string, we get:

Lemma 6 If the total number of useful blocks prefetched by
OPT isU ,X

p

IRAND-WB(i) � 2(
X
p

IOPT(i) + U +
X
p

C(ri; D))

Theorem 2 The competitive ratio of RAND-WB is�(
p
D).

Proof : We shall prove the theorem by deriving a lower
bound on the number of I/Os performed by OPT. Let the
number of useful blocks prefetched by OPT inphase(i) for
n other phases bei. Let the number of I/Os done by OPT
in phase(i) to prefetch these blocks beIi. Let phase(ik),
be thek th phase for which a useful block is prefetched by

OPT in phase(i). Let �k be the number of useful blocks
prefetched by OPT inphase(i) for phase(ik). During one
I/O by OPT inphase(i) at most one useful block could have
been prefetched forphase(ik): the number of I/Os done by
OPT to fetch useful blocks inphase(i) is Ii � �k, 1 � i �
n.

The number of useful blocks prefetched inphase(i) for
phases prior to and includingphase(ik) is

Pk
l=1 �l . This

implies that the number of (useful) blocks occupying space
in the buffer duringphase(ik) is at leasti �

Pk
l=1 �l.

Hence at least these many blocks, referenced inphase(ik),
are not present in the buffer at the start ofphase(ik). Due
to this at least(i �

Pk
l=1 �l)=D I/Os need to be done by

OPT inphase(ik).
The total number of useful blocks prefetched inphase(i)

for other phases isi =
Pn

l=1 �l. Then the total number of
I/Os caused by the reduced buffer space due to prefetched
blocks is at least

TOPT �
X
p

nX
k=1

(i �
kX

l=1

�l)=D

=
X
p

 
nX

k=1

k�k=D � i=D

!

We know that
Pn

k=1 �k = i and also�k � Ii. ThenPn
k=1 k�k is minimized when�r � �s wheneverr < s.

Therefore each�k is set to its maximum value:Ii.

nX
k=1

k�k �
i=Ii�1X
k=1

kIi � 2i
2Ii

� i
2

Hence the total number of I/Os caused by prefetching and
consuming useful blocks can be bounded as follows.

TOPT �
X
p

�
2i
2IiD

� 3i
2D

�

The total number of I/Os performed by OPT is at least the
sum of the number of I/Os to fetch useful blocks:

TOPT �
X
p

Ii

Since a total ofi (useful) blocks are fetched inphase(i),
the number of I/Os performed must be at least

TOPT �
X
p

i=D

Combining the three bounds onTOPT

TOPT � max(
X
p

Ii;
X
p

�
2i
2IiD

� 3i
2D

�
;
X
p

i
D
)

�
X
p

(Ii +
2i
2IiD

� 3i
2D

+
i
D
)=3
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Noting thatIi � i=D we get

Ii +
2i
2IiD

� i
2D

� Ii
2
+

2i
2IiD

� i=
p
D

Hence if a total ofU useful blocks are prefetched by
OPT:

P
pi � U . Hence,TOPT � U=3

p
D.

Now, by definition, a block which is a reuse block in
phase(i) is not referenced inphase(i�1). Hence it can be
argued in a fashion similar to that of the useful blocks that
at least

P
pri=D I/Os is performed by OPT due to the reuse

blocks – either they are in the buffer duringphase(i � 1),
in which case they occupy buffer space, or are fetched in
phase(i) with full parallelism. Hence the total number of
I/Os done by OPT, is at least

TOPT � max(U=3
p
D;
P

pri=D)

By Lemma 6 and the precedingbound onTOPT,

TRAND-WB=TOPT = O(
p
D)

By adapting a result in [3] a read-once reference string
can be constructed, for which RAND-WB performs at least

(
p
D) times more I/Os than OPT. This therefore implies

that the competitive ratio of RAND-WB is �(
p
D). 2

Corollary 1 If the initial data distribution is such that each
block independently has probability1=D of being on any
disk then the competitive ratio of RAND-WB is�(logD).

The proof follows from the fact that if the initial data
layout is random, then the number of I/Os required to fetch
the new blocks in any phase parallels that required for reuse
blocks. In fact, in this situation RAND-WB does not need
to rewrite evicted blocks, since the placement for the reuse
blocks is already randomized.

5. Conclusions

In this paper we studied the I/O scheduling problem for
general read-many reference strings in a parallel I/O system.
We introduced the concept ofwrite-backwhereby blocks
are dynamically relocated between disks during the course
of the computation. We showed that any algorithm with
bounded lookahead, that uses deterministic write-back and
buffer management policies must have a competitive ratio
of 
(D). That is, any strategy that is based solely on the
bounded lookahead and the past behavior of the algorithm,
can in the worst case significantly serialize its disk accesses.

Using randomizationwe improved the performance of
scheduling decisions. We presented a randomized algo-
rithm, RAND-WB, that uses a novel randomized write-back
scheme, and attains the lowest possible competitive ratio of
�(
p
D). As a corollary, if initially all the data blocks are

randomly placed on disks, the competitive ratio of RAND-
WB is�(logD).

References

[1] S. Albers. The Influence of Lookahead in Competitive Pag-
ing Algorithms. InProc. of ESA’93, volume 726, pages 1–
12,LNCS, Springer Verlag, 1993.

[2] R. D. Barve, E. F. Grove, and J. S. Vitter. Simple Ran-
domized Mergesort on Parallel Disks.Parallel Computing,
23(4):601–631, June 1996.

[3] R. D. Barve, M. Kallahalla, P. J. Varman, and J. S. Vitter.
Competitive Parallel Disk Prefetching and Buffer Manage-
ment. InProc. of IOPADS’97, pages 47–56. ACM, 1997.

[4] L. A. Belady. A Study of Replacement Algorithms for a
Virtual Storage Computer.IBM Systems Journal, 5(2):78–
101, 1966.

[5] D. Breslauer. On Competitive On-Line Paging with Looka-
head. InProc. of STOC’96, volume 1046,LNCS, pages 593–
603. Springer Verlag, Feb. 1996.

[6] P. Cao, E. W. Felten, A. R. Karlin, and K. Li. A Study of
Integrated Prefetching and Caching Strategies. InProc. of
the Joint Int. Conf. on Measurement and Modeling of Comp.
Sys., pages 188–197. ACM, May 1995.

[7] P. M. Chen, E. K. Lee, G. A. Gibson, R. H. Katz, and D. A.
Patterson. RAID: High Performance Reliable Secondary
Storage.ACM Computing Surveys, 26(2):145–185, 1994.

[8] A. Fiat, R. Karp, M. Luby, L. McGeoch, D. D. Sleator, and
N. E. Young. Competitive Paging Algorithms.Journal of
Algorithms, 12(4):685–699, Dec. 1991.

[9] N. L. Johnson and S. Kotz.Urn Models and Their Applica-
tion: an Approach to Modern Discrete Probability Theory.
Wiley, New York, 1977.

[10] T. Kimbrel and A. R. Karlin. Near-Optimal Parallel Pre-
fetching and Caching. InProc. of FOCS’96, pages 540–549.
IEEE, Oct. 1996.

[11] D. Kotz and C. S. Ellis. Practical Prefetching Techniques
for Multiprocessor File Systems.Journal of Distributed and
Parallel Databases, 1(1):33–51, 1999.

[12] K. K. Lee, M. Kallahalla, B. S. Lee, and P. J. Varman. Per-
formance Comparison of Sequential Prefetch and Forecast-
ing Using Parallel I/O. InProc. of PDCN’97, Apr. 1997.

[13] K.-K. Lee and P. J. Varman. Prefetching and I/O Paral-
lelism in Multiple Disk Systems. InProc. of ICPP’95, pages
III: 160–163, Aug. 1995.

[14] V. S. Pai, A. A. Sch¨affer, and P. J. Varman. Markov Anal-
ysis of Multiple-Disk Prefetching Strategies for External
Merging. Theoretical Computer Science, 128(1–2):211–
239, June 1994.

[15] R. H. Patterson, G. Gibson, E. Ginting, D. Stodolsky, and
J. Zelenka. Informed Prefetching and Caching. InProc. of
ASPLOS’95s, pages 79–95, Dec. 1995.

[16] D. D. Sleator and R. E. Tarjan. Amortized Efficiency of List
Update and Paging Rules.Communications of the ACM,
28(2):202–208, Feb. 1985.

[17] P. J. Varman and R. M. Verma. Tight Bounds for Prefetch-
ing and Buffer ManagementAlgorithms for Parallel I/O Sys-
tems. InProc. of FSTTCS’96, volume 16,LNCS, Springer
Verlag, Dec. 1996.

[18] J. S. Vitter and E. A. M. Shriver. Optimal Algorithms for
Parallel Memory, I: Two-Level Memories.Algorithmica,
12(2–3):110–147, 1994.

8


